
Chapter 9—Confidence Intervals about a Single Parameter 
 
9.1  Confidence Intervals about a Population Mean 
 
Point Estimate vs. Interval Estimate 
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Note that a confidence interval includes: 
• a lower bound 
• an upper bound 
• an interval equal to the upper bound minus the lower bound 
• a level of confidence that the interval contains µ 

 

Definition:  A point estimate of a parameter is the value of a statistic (
__

X ) that 
estimates the value of the parameter (µ). 
 

__

x =39 -- point estimate.  Will 
__

x be a perfect estimate of µ? 

Definition:  A confidence interval estimate of a parameter consists of an interval of 
numbers, along with a measure of the likelihood that the interval contains the unknown 
parameter.  The level of confidence in a confidence interval is the proportion of the 
intervals that will contain µ if a large number of repeated samples are obtained.  The 
level of confidence is denoted (1-α)·100%. 
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Chapter 9 covers three types of confidence intervals: 
9.1—Confidence interval for µ with σ known. 
9.2—Confidence interval for µ with σ unknown. 
9.3—Confidence interval for the population proportion, p. 
 

 
Derivation of a 90% Confidence Interval (CI): 

Sampling Distribution of 
__

X  

 

Because 
__

X is normally distributed, we know that 90% of all sample means should lie within 
1.645 standard deviations of the population mean, µ, i.e., 

 
n

X
n

σµσµ ⋅+〈〈⋅− 645.1645.1
__

 

With a little algebraic manipulation (adding -µ-
__

X across the equation and then multiplying by    
-1), we can rewrite this equation with µ in the middle: 
 lower bound  upper bound 

n
X

n
X

σµσ ⋅+〈〈⋅− 645.1645.1
____

 

    µ 
 
 
          |                       |        

 
n

x
σ⋅− 645.1

__

   
n

x
σ⋅+ 645.1

__

 

 
 

A succinct way to write a 90% CI is:    
n

X
σ⋅± 645.1

__

  

 

point 
estimate 

margin of error 

Confidence interval:  
Point estimate ± 
Margin of error. 
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Example:  90% CI for mean price of 3-year old Corvette 
 
Table 1--Price of 3-Year Old Corvette ($ per car) 

47,000 43,108 33,995   
32,750 33,988 43,500   
33,995 32,750 39,950  
36,900 35,995 39,998  
37,995 37,995 43,785  

 
     

 
 

Formula—90% CI:  
n

zX
2

σ⋅± α  

 
 

n
X

σ⋅± 645.1
__

 

 
 
 
 
 
 
 lower bound    upper bound 
 
  |           | 

506,36

741,1247,38
15

100,4
645.1247,38

−

⋅−

         

 
 

Constructing a (1-α)·100% Confidence Interval about µ, σ Known (p. 344) 
 

(1-α) ·100% CI:  )arg( errorofinmEx ±  

where 
n

zE
σ

α ⋅=
2

 and 
2

αz  is the critical Z-value. 

 
Note:  The size, n, of the sample must be greater than or equal to 30 or the population 
must be normally distributed (see section 9.1). 

10.0%9015100,4247,38
__

=→=== ασ confidencenX  

988,39

741,1247,38
15

100,4
645.1247,38

+

⋅+
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For example, assume we draw 100 random samples of size n=15 and compute one hundred 90% 
CI’s.  

 
 
 
 
Interpretation of the 90% CI for 3-year-old Corvettes (derived on p. 3): 
 

• We are 90% confident that the interval $36,506 to $39,988 will contain the unknown 
population mean price, µ. 

• If we were to draw 100 random samples and compute 100 CI’s, 90 of the CI’s would 
contain µ. 

 
Will the 90% CI (for the mean price of 3-year old Corvettes) derived on p. 3 include the 
unknown population mean µ? We can’t say for sure, but using the concept of confidence 
described above, we are 90% sure that the interval will contain the true population mean. 
 
 

Interpretation of a Confidence Interval (p. 410) 
 
A (1-α)·100% confidence interval means that if we obtained many simple random samples 
of size n from the population whose mean, µ, is unknown, then approximately (1- α)·100% 
of the intervals will contain µ. 
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The Role of the Margin of Error (p. 412) 
 
 
 
  
 
 
 
 
 
 
 
 

 
    |----------------------------------------------------| 

    
n

zx
σ

α ⋅−
2

__

            
__

x   
n

zx
σ

α ⋅+
2

__

 

 
    |        E               |      E  | 
 
 
Note:  The total length of the confidence interval = 2E. 

One-half of the confidence interval = E. 
 
 
 
 
How can we reduce the width of the confidence interval?  The width of the interval is 
determined by the margin of error: 

 
n

zE
σ

α ⋅=
2

 

 
The margin of error depends on 3 quantities: 

(1) Level of confidence, (1-α)·100%  
(2) Standard deviation of the population, σ 
(3) Sample size, n 

 
A statistician cannot affect (2) but he can control (1) and (3). 
 
 
 

Definition:  The Margin of Error   
 
The margin of error, E, in a (1-α)·100% confidence interval  in which σ is known 
is given by  

n
zE

σ
α ⋅=

2
 

where n is the sample size. 
Note:  We require the population from which the sample was drawn be normally 
distributed or the sample size n be greater than or equal to 30. 
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How can you reduce the size of the confidence interval?  Use the Corvette example from p. 3. 

349,1
25

100,4
645.1

2
10.0 =⋅=⋅=

n
zE

σ
 

           

           

596,39898,36

349,1247,38)25(

)(arg:%90
__

to

n

EerrorofinmxCI

±=
±

 

 
Summary:  As the sample size increases, the size 
of the margin of error and the confidence interval 
decreases. 

741,1
15

100,4
645.1

2
10.0 =⋅=⋅=

n
zE

σ
 

 

988,39506,36

741,1247,38)15(

)(arg:%90
__

to

n

EerrorofinmxCI

±=
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217,1
15

100,4
15.1

2
25.0 =⋅=⋅=

n
zE

σ
 

             

464,39030,37

217,1247,38)15(

)(arg:%75
__

to

n

EerrorofinmxCI

±=
±

 

 
Summary:  As the level of confidence decreases, 
the size of the margin of error and the confidence 
interval decreases. 

90% CI (n=15): 
              36.5               40.0 
 
90% CI (n=25):            CI’s in 
                   36.9            39.6 $1,000. 
 
75% CI (n=15): 
                           37.0                                39.4 

Work problems #15, p. 350 and #11, p. 349. 

Increase sample size, n: 
n increases from 15 to 25. 

Reduce confidence level:. 
Confidence level is 
decreased from 90 to 75. 
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Determining the Sample Size 
 
 
 
 
 
 
 
 
 
 
 
 
Confidence level  Margin of error 
 
   

        Sample size, n 
 
Example:  Consider estimating the mean price of a 3-year old Corvette.  How large a sample is 
required to estimate the mean price within $1,000 with 90% confidence? 

• 90% confidence >>> α=0.10 >>> 645.105.0
2

10.0 == zz  

• Population standard deviation is assumed known at σ=$4,100 
• Margin of error is E=$1,000 

 

Sampling Distribution of 
__

X  

 
 
 
Substitute the values of z, σ, and E into the formula for determining the sample size and obtain 
 

46488.457445.6
000,1

100,4645.1 2

2
2

2 or
E

z
n ==







 ⋅=












 ⋅
=

σα
 

Determining the Sample Size n (p. 413) 
 
The sample size required to estimate the population mean, 
µ, with a specified margin of error, E, is given by 

2

2













 ⋅
=

E

z
n

σα
 

where n is rounded up to the nearest whole number. 
 

The formula for n is 
derived from the margin 
of error formula: 

n
zE

σ
α ⋅=

2
 

See p. 347. 
 

n=? 

Work problem #27, p. 354. 
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9.2 Confidence Intervals about a Population Mean, σ Unknown 
 
In Section 9.1, we made the assumption that the population standard deviation, σ, was known.  In 
Section 9.2, we will drop this assumption and assume that σ is unknown. 

The CI that we derived on p. 2 was based on the z-distribution, i.e., 

n

X
z σ

µ−=
__

.  The problem 

with using the z-distribution is that it requires knowledge of the population standard deviation, σ.  
But, it is difficult to know a population parameter like σ, which is typically unknown to a 
practicing statistician.  
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
W.S. Gossett first studied the problem of using s to estimate the unknown σ. 

• Gossett was in charge of conducting experiments at the Guinness Brewery to identify the 
best barley varieties.   

• He performed experiments with small data sets and σ was not known. 
• At that time, the only available distribution was the standard normal distribution,  

n

X
z σ

µ−=
__

. 

Gossett replaced σ with s and developed the sampling distribution of 

n
s

X µ−
__

.  The distribution 

Gossett developed is not a normal distribution but rather followed a new distribution called 
Student’s t-distribution (Gossett published his findings under the pen name of “Student”). 

Remember that σ is a parameter and s is a 
statistic.  Statistics are used to estimate 
parameters. 
 

 
N

X
N

i
i∑

=

−
= 1

2
2 )( µ

σ  and 2σσ =  

 
 
          
 

1

)(
1

2
__

2

−

−
=
∑

=

n

XX
s

n

i
i

  and 2ss =  

estimates 
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0 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Comparison of t-Distribution and z-Distribution

z / t 

t-distribution 

0 

z-distribution 

Student’s t-Distribution 
 
Suppose a simple random sample of size n is taken from a population.  If the population 
from which the sample is drawn follows a normal distribution, then the distribution of  

n
s
x

t
µ−=

__

 

follows Student’s t-distribution with n-1 degrees of freedom (df), where 
__

x is the sample 
mean and s is the sample standard deviation. 
 

Properties of the t-Distribution, p. 425. 
 
1. Centered at the mean of µ=0. 
2. Bell-shaped curve that is symmetric about 0.  The area under the curve to the right of 

0 equals the area under the curve to the left of 0 equals ½. 
3. Total area under the curve is 1. 
4. Asymptotic to the horizontal axis (i.e., as t increases or decreases without bound, the 

graph approaches the horizontal axis). 
5. Area in the tails of the t-distribution is a little greater than the area in the tails of the 

standard normal distribution, because we are using “s” as an estimate of σ, thereby 
introducing further variability into the t-statistic as compared to the z-statistic. 
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df=n-1 

            0.25      0.20       0.15       0.10     0.05         0.025      0.02        0.01       0.005       0.0025       0.001      0.0005  
Area in Right Tail                         
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Example of calculation of df (x1=4, x2=5, x3=9). 

 
 X      
 4       4-6 = -2 
 5       5-6 = -1 
 9          
 6   =  0  

 
 
 
 
 
 
 
Finding t-Values in Table III, p. A-4: 
 
#1. For sample size n=15 and α=0.10, find t0.10.  Note that df=15-1=14. 
 
#2. For sample size n=15 and α=0.10, find 05.0

2
10.0 tt ±=± (i.e., the upper and lower t-values). 

 
#3.  For sample size n=43 and α=0.05, find -t0.05.  Note if the df we desire is not available in  
Table III, we will follow the practice of choosing the closest df (in this case, df=40). 
 
#4.  For sample size n = ∞ and α=0.05, find t0.05.  Notice that 05.0t  is the same as 05.0z .  Why does 

this occurs?  

Definition:  The number of degrees of freedom (df) is the maximum number of variates 
that can freely be assigned (i.e., calculated) before the rest of the variates are completely 
determined.  Or, stated in another way, the number of df is the number of deviations that 
must be known before the remaining deviation(s) can be calculated. 

)( XX i −

∑ − )( XX i=X
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Additional Properties of the t-Distribution, p. 425  
 
1. As the sample size n increases, the t-curve gets closer to the standard normal curve.  This 

result occurs because, as the sample size n increases, the values of “s” get closer to the 
value of σ (i.e., the dispersion of the statistic s about σ decreases).  

2. The t-distribution is different for different values of n, the sample size. 
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Finding t-Values Using Excel: 
 
#1. For sample size n=15 and α=0.10, find t0.10.  Note that df=15-1=14. 
 
Excel:  Finding t-values for the upper tail of the t-distribution: 
Step 1:  Select Insert/Function (fx) from the Windows menubar.  In the Function Category, 
select “Statistical.”  In the Function Name, select “TINV .”  Click OK .  
Step2:  Enter probability as 2 times the upper-tail area (i.e., 2α) and degrees of freedom as 14.  
Click OK . 
 

                         

 
 
 

 
 
 

1. Select Insert + Function from 
Menu bar. 

 
2. From Insert Function dialog 

Box, select category 
“Statistical” & select function 
“TINV” & Press OK 

1. Enter Probability as 2 times the 
upper-tail area (i.e., 2α) 

 
2. Degrees of Freedom as 14.  Click 

OK. 
 



 

 

 

14 

#2. For sample size n=15 and α=0.10, find 05.0
2

10.0 tt ±=± (i.e., the upper and lower t-values). 

Excel:  Finding t-values for the upper and lower tails of the t-distribution: 
Step 1:  Select Insert/Function (fx) from the Windows menubar.  In the Function Category, 
select “Statistical.”  In the Function Name, select “TINV.”  
Step2:  Enter probability as α=0.10 and degrees of freedom as 14.  Click OK . 
 

 
 

1. Follow initial steps mentioned in Ex. 
#1 

2. Enter Probability as as α=0.10  
3. Degrees of Freedom as 14.  Click 

OK. 



 

 

 

15 

Constructing a Confidence Interval for µ, σ Unknown. 

n

s
tXCI ⋅±⋅−

2

__

:%100)1( αα  

 
Example—Consider developing a 90% confidence interval for the mean price of a 3-year old 
Corvette. 
 
Table 1--Price of 3-Year Old Corvette ($ per car) 

47,000 43,108 33,995   
32,750 33,988 43,500   
33,995 32,750 39,950  
36,900 35,995 39,998  
37,995 37,995 43,785  

 
     

 
 

303,40191,36

056,2247,38
15

522,4
761.1247,38

:%90
2

__

to

n

s
tXCI

=
±=

⋅±=

⋅± α

 

 
 
 
 
Points to note about the t confidence interval procedure: 

• When the population is normally distributed, the procedure is exact. 
• For moderate departures from the normally assumption, the procedure is accurate. 
• For large n, the procedure is approximately correct for non-normal populations. 
• If the data set is small and there are outliers, the procedure is compromised. 

 
 
 
Work problems #1 and #3, p. 364.

10.0%9015247,38
__

=>>>== αconfidencenX  

The sample standard deviation, s, is 
calculated using the formula: 
    

11

)( 22

1

2
__

2

−
−

=
−

−
= ∑∑

=

n

XnX

n

XX
s i

n

i
i
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9.3 Confidence Interval for a Population Proportion 
 
Probably the most frequently reported confidence interval is one involving the proportion of a 
population.  In a March 2005 FOX News/Opinion Dynamics Poll, a random sample of n=900 
registered voters nationwide was asked “Do you approve or disapprove of the job George W. 
Bush is doing as president?”  The approval rating on 03/1-2/2005 was 52% with a margin of 
error of ± 3% at 95% confidence (http://www.pollingreport.com/BushJOb.htm). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Constructing a (1-α)·100% Confidence Interval for a Population Proportion 
 (1-α)·100% CI:    point estimate ± margin of error 

                  
n

pp
zp

)1((
^^

2

^ −⋅± α  

 
Example—95% CI for President Bush’s Job Approval Rating  

05.0%9590052.0
^

=>>>== αconfidencenp  

 95% CI:    

55.049.0

033.052.0
900

)52.01(52.0
96.152.0

)1((
^^

2
05.0

^

to

n

pp
zp

±

−±

−⋅±

 

Sampling Distribution of 
^

p  
 
For a simple random sample of size n such that n < 0.05N (that is, the sample size is no more 

than 5% of the population size), the sampling distribution of 
^

p is approximately normal with 

mean p
p

=^µ  and standard deviation 
n

pp
p

)1(
^

−=σ , provided that np(1-p)  > 10. 

Point Estimate of a Population Proportion 
 
Suppose simple random sample of size n is obtained from a population in which each 
individual either does or does not have a certain characteristic.  The best point estimate of p, 

denoted
^

p , (read “p-hat”), the proportion of the population with a certain characteristic, is 
given by 

n

x
p =
^

 

where x is the number of individuals in the sample with the specified characteristic. 

Margin of error is 3.3%. 

Work problem #7 a, c, d. 

Check the 
assumptions: 
   1. n≤0.05N 
   2. np(1-p)≥10 
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