Chapter 9—Confidence Intervals about a Single Paraeter

9.1 Confidence Intervals about a Population Mean

Point Estimate vs. Interval Estimate

Definition: A point estimateof a parameter is the value of a statistic)(that
estimates the value of the parameter (u).
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Definition: A confidence interval estimate of a parameterseis of an interval of
numbers, along with a measure of the likelihood tha interval contains the unknown
parameter. The level of confidence in a confidanterval is the proportion of the
intervals that will contain p if a large numberepeated samples are obtained. The
level of confidence is denoted {)-100%.

Note that a confidence interval includes:

* alower bound

* an upper bound

* aninterval equal to the upper bound minus the tdweeind
* alevel of confidence that the interval contains



Chapter 9 covers three types of confidence intervsd
9.1—Confidence interval far with ¢ known.
9.2—Confidence interval fqr with o unknown.
9.3—Confidence interval for the population propamtip.

Derivation of a 90% Confidence Interval (CI):

Sampling Distribution of X
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BecauseX is normally distributed, we know that 90% of alirggle means should lie within
1.645 standard deviations of the population meaney
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With a little algebraic manipulation (adding -Xi-across the equation and then multiplying by
-1), we can rewrite this equation with p in the died
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A succinct way to write a 90% Cl is: X + 1'645G\/_ﬁ Confidence interval:
T T Point estimate +
. . Margin of erro.
point margin of error
estimate



Constructing a (1-)-100% Confidence Interval about pe Known (p. 344)

(1-0) -100% Cl: x+ E(margin of error)

whereE =z, 3% and z,, is the critical Z-value.
7% Jn %

T ;

Note: The size, n, of the sample must be greh#ar vr equal to 30 or the populatiof
must be normally distributed (see section 9.1).

—

Example: 90% CI for mean price of 3-year old Corvéte

Table 1--Price of 3-Year Old Corvette ($ per car)

47,000 43,108 33,995
32,750 33,988 43,500
33,995 32,750 39,950
36,900 35,995 39,998
37,995 37,995 43,785

X =38247 0 =4100 n=15 90% confidence —~ a = 010

Formula—90% Cl: X * z, o
% Jn

=
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38247—- 1.645E-I4ﬂ) 38247+ 1.645[—I4ﬂ)
V15 J15
38247-1741 38247+1741
36,506 39,988



Interpretation of a Confidence Interval (p. 410)

A (1-a)-100% confidence interval means that if we obthimany simple random samples
of size n from the population whose mean, [, inomn, then approximately (2)-100%
of the intervals will contain p.

For example, assume we draw 100 random sampléseons15 and compute one hundred 90%
Cl’s.

=l

90 of 100 Cl's will
I include p.

10 of 100 Cl's will not
include p.

Interpretation of the 90% CI for 3-year-old Corest{derived on p. 3):

* We are 90% confident that the interval $36,50638,$38 will contain the unknown
population mean price.,.

* If we were to draw 100 random samples and comp@eCl’s, 90 of the CI's would
contain.

Will the 90% CI (for the mean price of 3-year oldrettes) derived on p. 3 include the
unknown population mean u? We can'’t say for sureubing the concept abnfidence
described above, we are 90% sure that the intemladontain the true population mean.



The Role of the Margin of Error (p. 412)

Definition: The Margin of Error

The margin of error, E, in a @»100% confidence interval in whiehis known
is given by
E=z Gi
=2, B
where n is the sample size.
Note: We require the population from which the sampées \@rawn be normally

distributed or the sample size n be greater thagoal to 30.
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Note: The total length of the confidence interval = 2E.
One-half of the confidence interval = E.

How can we reduce the width of the confidence intenl? The width of the interval is
determined by the margin of error:
o
E=z [E—=
% In

=

The margin of error depends on 3 quantities:
(1) Level of confidence, (&)-100%
(2) Standard deviation of the populatien,
(3) Sample size, n

A statistician cannot affect (2) but he can conttdland (3).



How can you reduce the size of the confidence inta&al? Use the Corvette example from p. 3.

o 4100
E=z J— =1.6450"— =1,349
01% \/— /—25

90%Cl : x +margin of error (E)
(n=25) 38247+1349

36,898t039,596
Summary: As the sample sizacreases, the size
Increase sample size, n: of the margin of error and the confidence interval
n increases from 15 to 25 decreases.
4,100
E=z,, 0L =16450— = 1741
01% \/— \/1—5

90%Cl :  x *margin of error (E)
(n=15) 38247+1741
36,506t039,988

Reduce confidence level:
Confidence level is
decreasefrom 90 to 7& 4100

g
E=z O0—=1150"—+-=1217
\ 02% \/ﬁ /—15

90% CI (n=15):

75%Cl :  x +margin of error (E)

36.5 40.0 (n=15 38247+1217
. 37,030t039,464
90% CI (n=25): Cl'sin
36.9 39.6 $1,00D. Summary: As the level of confidenodecreases,
the size of the margin of error and the confidence
75% CI (n=15): interval decreases °
37.0 394 '

6 Work problems #15, p. 350 and #11, p. 349.




Determining the Sample Size

Determining the Sample Size n (p. 413)

The formula for n is

The sample size required to estimate the populatiean, derived from the margin
U, with a specified margin of error, E, is given by of error formula:
o
E=z U=
72 n

¥~ | Seep. 347.

where n fgounded Op to the nearest whole number.

Confidence level Margin of error

~

Sample size, n

Example: Consider estimating the mean price of a 3-yeaCalvette. How large a sample is
required to estimate the mean price within $1,0a8 @0% confidence?
* 90% confidence >>»=0.10 >>> Zosgy = Zos = 1.645
2

» Population standard deviation is assumed knovex$4,100
e Margin of error is E=$1,000

Sampling Distribution of X

X3 H Xy
<+——E=§1,000 i E=%$1,000 >

Substitute the values of @, and E into the formula for determining the sangite and obtain

z,, o ’ 2
n=| 22| = 16454100 _ ¢ 2na5 - 45.4880r 46
E 1000

Work problem #27, p. 354.




9.2 Confidence Intervals about a Population Means Unknown

In Section 9.1, we made the assumption that thelptpn standard deviation, wasknown. In
Section 9.2, we will drop this assumption and asstimato is unknown.

X-u
o7
7
with using the z-distribution is that it requiresdkvledge of the population standard deviattan,

But, it is difficult to know a population parametie o, which is typically unknown to a
practicing statistician.

The CI that we derived on p. 2 was based on thistaflition, i.e.,z= The problem

Remember that is aparameter and s is a
statistic. Statistics are used to estimate
parameters.

Z(X - p)?
0' == N ando = «/_

T

estimate
2 2(x| - X)2
S :i:lT ands= \/?

W.S. Gossett first studied the problem of using stestimate the unknowne.
» Gossett was in charge of conducting experimerttseaGuinness Brewery to identify the
best barley varieties.
* He performed experiments with small data setscawds not known.
» At that time, the only available distribution wée tstandard normal distribution,

Sy

7

Gossett replacesl with s and developed the sampling distributlon—ef— The distribution

/f

Gossett developed is not a normal distributionrhtiter followed a new distribution called
Student’s t-distribution (Gossett published higlfitgs under the pen name of “Student”).



Student’s t-Distribution

Suppose a simple random sample of size n is takem & population. If the population
from which the sample is drawn follows a normatrilisition, then the distribution of

follows Student’s t-distribution with n-1 degregs@edom (df), wherex is the sample
mean and s is the sample standard deviation.

Comparison of t-Distribution and z-Distribution

z-distributior

/ \ t-distribution

¥

z/t

Properties of the t-Distribution, p. 425.

1. Centered at the mean jo$0.

2. Bell-shaped curve that is symmetric about 0. Tiea ander the curve to the right of
0 equals the area under the curve to the leftegfuils Y.

3. Total area under the curve is 1.

4. Asymptotic to the horizontal axis (i.e., as t irases or decreases without bound, th
graph approaches the horizontal axis).

5. Area in the tails of the t-distribution is a litdgeater than the area in the tails of the
standard normal distribution, because we are U'sings an estimate af, thereby
introducing further variability into the t-statistas compared to the z-statistic.

(4]




A-4  Appendix A Tables

—Arzair
right Lail

t-Distribution
‘Area in Right Tail

df=n-1 025 020 0.15 010 005 0025 002 001 0005 00025 0.001

1 1000 1376 1963 3078 6314 12706 15894 31871 63657 127321 318288
2 0816 1061 1386 188 2920 4303 4819 6955 925 14080 2238
3 ey enm losUtapi s e Uaass dse apa - TRasl gl
4 0741 0041 1190 153 2132 2716 2999 3747 4604 5598 707
. : : ! ,

0.727 SH R Sy Ll Slesaa) 2773 5803

=

3497

; - 2408

2630 3372

e 3.326
e ;

2631
2819
2807 3104
2797 3001
2787 G078

g

2,744 3022
2.738 015
2733 1008

2403

259 5
2381

2374

236

025 020 0.15 0.10 0.05 0.025 0.02 0.01 0.005 .0025 0.001 0.0005
Area in Right Tail
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Definition: Thenumber of degrees of freedom (dfjs the maximum number of variates
that can freely be assigned (i.e., calculated)reetfte rest of the variates are completely
determined. Or, stated in another way, the nurabdf is the number of deviations that
must be known before the reming deviation(s) can be calculat

Example of calculation of df (x=4, %=5, %=9).

X (Xi - X)
4 4-6 =-2
5 5-6 =-1
9

Y: 6 Z(Xi_x_) =0

Finding t-Values in Table Ill, p. A-4:
#1.For sample size n=15 and0.10, find §10 Note that df=15-1=14.

#2.For sample size n=15 and0.10, finditmy =+t (i.e., the upper and lower t-values).
2

#3. For sample size n=43 and0.05, find -0 Note if the df we desire is not available in
Table 111, we will follow the practice of choosirtbe closest df (in this case, df=40).

#4. For sample size n= anda=0.05, find § 05 Notice thatt .. is the same ag,,.. Why does
this occurs?

11



Additional Properties of the t-Distribution, p. 425

1. As the sample size n increases, the t-curve gesercto the standard normal curve. Thi
result occurs because, as the sample size n iesighg values of “s” get closer to the
value ofc (i.e., the dispersion of the statistic s abodecreases).

2. The t-distribution is different for different vals®f n, the sample size.

tDistibutions for d=3 and Jf=30 and
Standard Normal Distribution (£)

Z dis tibution (is a tdis tibution
with d=infinity’

df = 30

12



Finding t-Values Using Excel:
#1.For sample size n=15 and0.10, find §10 Note that df=15-1=14.

Excel: Finding t-values for the upper tail of theistribution:

Step 1: Selectnsert/Function (fx) from the Windows menubar. In tReinction Category,
select ‘Statistical.” In theFunction Name select TINV.” Click OK.

Step2: Enter probability as 2 times the upper-tail area (&) and degrees of freedom as 14.
Click OK.

B3 Microsofi Excel - Book1

Eﬂ File Edit  View | I ormat  Tools Data W

RN RERE] Rows

P @ ety | # G s

A - Worksheet
A, Bl chart.. E

1 |J€: Function. . ! / . \
| 2 | 1.Select Insert + Function from
3 Marne »
L= - Menu bar.
i Picture »

g ] , :
5| & Hyperlrk,.. Ciri+k 2.From Insert Function dialog
(7| ¥ Box, select category

8 “Statistical” & select function
Insert Function ﬁ|r§| “TINV” & Press OK

Search for a Function: K /
Type a brief description of what you want to do and then

Go
click Go
Or select a category: |Statistical 4‘/Tr

Select a function:

STDEWPA ~
STEYY 1
TDIST m

TREMD

TRIMMEAN

TTEST 5

TIN¥{probability,deg_freedom)
Returns the inverse of the Student's t-distribution,

Help on this function QK ] [ Cancel
Function Arguments PX‘
TIMY . .
Probability [0.2 =02 < 1. Enter Probability as 2 times the
Deg_freedom | 14] Fol-14 < upper-tail area (i.e., 2a)

= 1.345030375

Returns the inverse of the Student's t-distribution, 2 D H
. Degrees of Freedom as 14. Click
Deg_freedom is a positive integer indicating the number of degrees of freedom to \ )
characterize the distribution.
Formula resulk = 1,395030375
Help on this Function

13



#2.For sample size n=15 ane0.10, finditmy =*t,,(i.e., the upper and lower t-values).
2

Excel: Finding t-values for the upper and lowdstaf the t-distribution:

Step 1: Selectnsert/Function (fx) from the Windows menubar. In tReinction Category,
select “Statistical.” In th&unction Name select “TINV.”

Step2: Enter probability aa=0.10 and degrees of freedom as 14. Qhék

Function Arguments E‘
e e - , :
Probability |0.1] Fel=0.1 < 1. Follow initial steps mentioned in EX.
Deg_freedom |14 =14 ¢ #1
‘ = 1761310115 2. Enter Probability as aso=0.10
Returns the inverse of the Student's t-distribution, .
3. Degrees of Freedom as 14. Click
Probability is the probability associated with the two-tailed Student's t-distribution, a k O K .
rumnber between 0 and 1 inclusive.
Formula result = 1.761310115
Help on this Function

14



Constructing a Confidence Interval for g,6 Unknown.
L-a) 006 Cl . X+t 0>
7% n

'

Example—Consider developing a 90% confidence intervatliermean price of a 3-year old
Corvette.

Table 1--Price of 3-Year Old Corvette ($ per car)

47,000 43,108 33,995
32,750 33,988 43,500
33,995 32,750 39,950
36,900 35,995 39,998
37,995 37,995 43,785

X =38247 n=15 90% confidence>>>a = 010

o 0 s «— The sample standard deviation, s,|is
90% Cl - Xit% Jn calculated using the formula:
4522
=38247+1.761F+— n -
v15 2 Z(X‘ - X)’ Zx.z—ny2
= s =12 = I
38247+ 2,056 n-1 n-1
=36191to 40,303

Points to note about the t confidence interval proedure:
* When the population is normally distributed, theqadure is exact.
* For moderate departures from the normally assumpti® procedure is accurate.
* For large n, the procedure is approximately corf@chon-normal populations.
» If the data set is small and there are outliers pitocedure is compromised.

Work problems #1 and #3, p. 364.
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9.3 Confidence Interval for a Population Proportion

Probably the most frequently reported confidenterwal is one involving the proportion of a
population. In a March 20050X News/Opinion Dynamics Poll, a random sample of n=900
registered voters nationwide was asked “Do you@ppor disapprove of the job George W.
Bush is doing as president?” The approval ratim@®®&/1-2/2005 was 52% with a margin of
error of £ 3% at 95% confidenchkt{p://www.pollingreport.com/BushJOb.hym

Point Estimate of a Population Proportion

Suppose simple random sample of size n is obtdmeda population in which each
individual either does or does not have a certaaracteristic. The best point estimate of g,

denotedp, (read “p-hat”), the proportion of the populatwith a certain characteristic, is
given by
"X

n
where x is the number of individuals in the samyin the specified characteristic.

Sampling Distribution of p

For a simple random sample of size n such tha@rOSN (that is, the sample size is no more

than 5% of the population size), the sampling thigtron of pis approximately normal with

meanu. = p and standard deviatioon, = @ , provided that np(1-p) 20.
p p

Constructing a (1-)-100% Confidence Interval for a Population Proporton

(1-0)-100% CI: point estimate + margin of error Check the

X T assumptions:
ptz, q/M 1. r£0.05N
2 n 2. rp(1-p)>10

Example—95% CI for President Bush’s Job Approval Raing
p=052 n=900 9%%confidence>>>qa = 005

MG

0% Zuos, (p( )

95% Cl: o523+ 1.96,/—052(1_ 052)
- 900

052+ 0.033 « Margin of error is 3.3%.
049to 055

Work problem #7 a, c, d.
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Summary Page for Chapter 9

CHAPTER 9

Confidence Intervals

Confidence Intervals

A (1 — «a)-100% confidence interval about p with o
o

—= provided the population from
5 P pop

which the sample was drawn is normal or the sample size
is large (n = 30).

knownis x + g,*

A (1 — @) -100% conflidence interval about g with o
s
Vi
which the sample was drawn is normal or the sample size
is large (n = 30). Note: {, is computed using n — 1

degrees of freedom.

unknown is ¥ + £,- provided the population from

A (1 — @) -100% confidence interval about p is

Y
2 E A \/Q provided np(1 — p) = 10.

A (1 — @)+ 100% confidence interval about o is

(rn — 1)s° i (n— 1)

2
Xat2 Xi-ai2
from which the sample was drawn is normal.

provided the population

Sample Size
¢ 'To estimate the population mean with a margin of error J

e To estimate the population proportion with a margin of

e To estimate the population proportion with a margin of

ata (1 — «)100% level of confidence requires a samplg

: A .
of size n = “E rounded up to the next integer.

error Eata (1 — a)-100% level of confidence requires

£
next integer, where p is a prior estimate of the populatio]
proportion.

2
sample of size n = p(1 — f;)( ) rounded up to the

error Eata (1 — «)-100% level of contidence requires
Zan\’
sample of size n = 0.25(—;2) rounded up to the next

J

integer when no prior estimate of p is available.
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